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Abstract By using the regularized gap function for variational inequalities, we intro-
duce a new penalty function Pα(x) for the problem of minimizing a twice continuously
differentiable function in a closed convex subset of the n-dimensional space R

n. Under
certain assumptions, it is shown that any stationary point of the penalty function Pα(x)

satisfies the first-order optimality condition of the original constrained minimization
problem, and any local (or global) minimizer of Pα(x) on R

n is a locally (or globally)
optimal solution of the original optimization problem.

1 Introduction

Consider the following constrained minimization problem:

min
x∈X

f (x), (1)

where f (x) is a twice continuously differentiable function on R
n and X is a closed

convex subset of R
n. Related to (1) is the following variational inequality problem of

finding x in X such that

(y − x)T∇f (x) ≥ 0 for y ∈ X, (2)

where zT denotes the transpose of a vector z, and ∇f (x) is the gradient of f (x). Note
that x̄ is called a stationary point for the constrained minimization problem (1) if x̄
satisfies (2).
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One approach for solving the constrained optimization problem (1) is by using
exact penalty functions, which tries to attack problem (1) by solving the following
reformulation of (1):

min
x∈Rn

fα(x), (3)

where fα(x) is a penalty function depending on the penalty parameter α, usually con-
structed by using the objective f (x) and the constraint functions. Nondifferentiable
exact penalty functions are easier to construct than continuously differentiable exact
penalty functions. However, we then have to solve a nonsmooth unconstrained min-
imization problem instead of a smooth constrained one. Continuously differentiable
exact penalty functions can be obtained under some constraint qualifications such as
the Mangasarian–Fromovitz constraint qualification. Many exact penalty functions
have been introduced in the literature [1–5, 7, 10, 15]. Typically, these exact penalty
functions are much more complicated than f (x) even when X is defined by simple
bound constraints [1, 4]. Moreover, though there have been several results regarding
the existence of a penalty parameter α such that a local (or global) minimizer of fα(x)

in R
n is a local (or global) solution of (1), there is no simple way to estimate the

penalty parameter α.
Different from the above-mentioned approaches, in this paper we propose to con-

struct exact penalty functions for (1) by using the projection onto the feasible set X.
Our method is closely associated with the so-called regularized gap function for (2),
introduced by Fukushima [6],

Gα(x) := max
y∈X

{
(x − y)T∇f (x) − 1

2α
‖x − y‖2

}

= (x − Hα(x))T∇f (x) − 1
2α

‖x − Hα(x)‖2,
(4)

where Hα(x) = �X(x −α∇f (x)) and �X(y) denotes the projection of y onto X. It has
been observed that several exact penalty functions scattered in the literature [11, 13,
14] can be rewritten as [12, Eq. 16]

Pα(x) = f (x) − Gα(x) = f (x) + (Hα(x) − x)T∇f (x) + 1
2α

‖x − Hα(x)‖2. (5)

Our main purpose here is to propose a unified way of constructing exact penalty
functions which not only extends, but also improves these scattered results in the
literature [11, 13, 14, 16] under different settings. In particular, we give conditions
under which a local (global) minimizer of Pα(x) is a local (global) minimizer of (1) so
that the function Pα(x) can act as an exact penalty function for (1). In special cases
where X is defined by some simple constraints, we give explicit formulas for Pα(x) in
terms of f (x) and the constraints (see Propositions 13, 16, and 17). From a theoretical
perspective, our approach can also be applied to minimization problems with general
convex feasible set, while its practical efficiency still remains a challenge.

The paper is organized as follows, In Sect. 2, we mainly study the stationary points
of Pα(x). A result about the convexity of Pα(x) is also given. In Sect. 3, we consider
local (or global) minimizers of the merit function Pα(x) and show that, for some
carefully chosen parameter α (depending only on the Hessian of f (x)), any local (or
global) minimizer of Pα(x) is a local (or global) solution of (1). In Sect. 4, we give
explicit forms of Pα(x) when X is defined by either simple bound constraints, or a
spherical constraint, or an ice-cream cone. Conclusions are given in Sect. 5.
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2 Gradient, stationary point, and convexity

We first consider the gradient of the function Pα(x). From Theorem 3.2 in [6], we have

Lemma 1 Suppose that Pα(x) is defined as in (5) and f (x) is twice continuously differ-
entiable. Then

∇Pα(x) = 1
α

(I − α∇2f (x))(x − Hα(x)).

Since the gradient of Pα(x) is a linear transform of (x − Hα(x)), a fixed point of
Hα(x) must be a stationary point of Pα(x). We note that many iterative algorithms
have been proposed for the variational inequality problem (2) based on the following
characterization of Hα(x)[6, 9].
Lemma 2 A vector x̄ ∈ R

n is a solution of (2) if and only if x̄ − Hα(x̄) = 0.

We point out that if f (x) is convex, then solving (1) is equivalent to finding a fixed
point of Hα(x). This is exactly what Tao and Hoai An did in [16] for minimizing
a quadratic function f (x) = 1

2 xTQx + bTx on a Euclidean ball. In their work, Tao
and Hoai An studied a special DCA method where the iterates are generated by
xk+1 := �X(xk −α(Qxk +b)) with α−1I −Q being positive definite. It is easy to verify
that the special DCA method in [16] is nothing more than a fixed-point iteration
method for Hα(x)

It follows from Lemmas 1 and 2 that if (I − α∇2f (x)) is nonsingular for every x,
then any stationary point of Pα(x) is a solution of (2) and vice versa.

Theorem 3 Suppose that (I − α∇2f (x̄)) is nonsingular. Then x̄ is a solution of (2) if
and only if x̄ is a stationary point of Pα(x)(i.e.,∇Pα(x̄) = 0). In particular, if f (x) =
1
2 xTQx + qTx with a symmetric matrix Q ∈ R

n×n and α‖Q‖ < 1, then x̄ is a solution of
(2) if and only if x̄ is a stationary point of Pα(x).

Next we show that the convexity of f (x) implies the convexity of Pα(x) when f (x)

is a quadratic function and α is sufficiently small.

Theorem 4 Suppose that f (x) = 1
2 xTQx + qTx is convex. If α‖Q‖ ≤ 1, then Pα(x) is

convex.

Proof It suffices to show that

(y − x)T(∇Pα(y) − ∇Pα(x)) ≥ 0 for x, y ∈ R
n. (6)

Since Q is symmetric positive semidefinite, we know that B := (I − αQ) is positive
semidefinite and ‖B‖ ≤ 1 when α‖Q‖ ≤ 1. Denote y = x + d, we have

α(y − x)T(∇Pα(y) − ∇Pα(x))

= dTBd − dTB(�X(B(x + d) − αq) − �X(Bx − αq))

≥ dTBd − ‖Bd‖ · ‖�X(B(x + d) − αq) − �X(Bx − αq)‖
≥ dTBd − ‖Bd‖2 = dT(B − B2)d ≥ 0,

Where the first equality follows from Lemma 1, the first inequality is the Cauchy–
Schwarz inequality, the second inequality is the nonexpansive property of the projec-
tion �X(x) : ‖�X(x) − �X(y)‖ ≤ ‖x − y‖ [8 (3.1.6)], and the last inequality is by the
positive semidefiniteness of (B − B2). This proves the theorem. �
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3 Global and local minimizers

The following lemma about the equivalence of (2) and the (global) constrained
minimization of Gα(x) is due to Fukushima [6].

Lemma 5 Let the function Gα(x) be defined by (4). Then Gα(x) ≥ 0 for all x ∈ X.
Moreover, Gα(x̄) = 0 with x̄ ∈ X if and only if x̄ solves the variational inequality
problem (2).

The next theorem follows directly from Lemma 5 and Theorem 3.

Theorem 6 Let Pα(x) be defined by (5). Then

Pα(x) ≤ f (x) for x ∈ X (7)

and the equality holds if and only if x solves (2). Moreover, for any x ∈ R
n, if ∇Pα(x) = 0

and (I − α∇2f (x)) is nonsingular, then Pα(x) = f (x).

The above theorem indicates that Pα(x) is indeed a penalty function of (1) while Gα(x)

acts as a penalty term.
Now we can prove that local (or global) minimizers of Pα(x) are local (or global)

solutions of (1) for some penalty parameter α.

Theorem 7 Suppose x̄ ∈ R
n and (I −α∇2f (x̄)) is nonsingular. If x̄ is a global (or local)

minimizer of Pα(x) in R
n, then x̄ is a global (or local) minimizer of f (x) in X.

Proof Since ∇Pα(x̄) = 0 and (I − α∇2f (x̄)) is nonsingular, by Theorem 3, x̄ is a
solution of (2), so x̄ ∈ X. By Theorem 6, Pα(x̄) = f (x̄). Thus for any x ∈ X (or x ∈ X
and in a neighborhood of x̄), it follows from (7) that

f (x) ≥ Pα(x) ≥ Pα(x̄) = f (x̄),

which shows that x̄ is also a global (ox local) minimizer of f (x) in X. �

If there is a penalty parameter α > 0 such that (I − α∇2f (x)) is nonsingular for
every x ∈ R

n, then we can solve the constrained minimization problem (1) by finding
local or global minimizers of Pα(x) in R

n. However, one open question is whether
or not Pα(x) has a local or global minimizer when (1) has local or global solutions.
That is, we have to study the converse of Theorem 7 in order to establish a complete
equivalence of (1) with the following unconstrained minimization problem:

min
x∈Rn

Pα(x). (8)

For this purpose, we study the following family of functions involved in definition of
Pα(x):

hα(x, y) := f (x) + (y − x)T∇f (x) + 1
2α

‖y − x‖2. (9)

Lemma 8 For any x, y ∈ R
n, there exists θ such that 0 < θ < 1 and

f (y) ≤ hα(x, y) − 1 − α‖∇2f (yθ )‖
2α

‖y − x‖2, (10)

where yθ = x + θ(y − x).
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Proof By the Taylor expansion, there is θ such that 0 < θ < 1 and

f (y) = f (x) + (y − x)T∇f (x) + 1
2
(y − x)T∇2f (yθ )(y − x), (11)

where yθ = x + θ(y − x). Thus,

f (y) ≤ f (x) + (y − x)T∇f (x) + ‖∇2f (yθ )‖
2 ‖y − x‖2

= hα(x, y) − 1−α‖∇2f (yθ )‖
2α

‖y − x‖2,
(12)

where the inequality follows from the Cauchy–Schwarz inequality. ��

A direct consequence of the above lemma is the following corollary.

Corollary 9 For any x ∈ R
n there exists xθ := x + θ(Hα(x) − x) with 0 < θ < 1 such

that

Pα(x) ≥ f (Hα(x)) + 1 − α‖∇2f (xθ )‖
2α

‖Hα(x) − x‖2. (13)

If α‖∇2f (x)‖ ≤ 1 for all x ∈ R
n, then

Pα(x) ≥ f (Hα(x)) for x ∈ R
n. (14)

Proof By (5), Pα(x) = hα(x, Hα(x)). Replacing y by Hα(x) in (10) we obtain (13).
The inequality (14) follows from (13) and the assumption that α‖∇2f (xθ )‖ ≤ 1. ��

Now we can prove the following converse of Theorem 7.

Theorem 10 For any x̄ ∈ R
n, the following statements hold.

(1) If α‖∇2f (x̄)‖ < 1 and x̄ is a local minimizer of f (x) in X, then x̄ is a local minimizer
of Pα(x) in R

n.
(2) If α‖∇2f (x)‖ ≤ 1 for x ∈ R

n and x̄ is a global minimizer of f (x) in X, then x̄ is
also a global minimizer of Pα(x) in R

n.

Proof First we assume that x̄ is a local minimizer of f (x) in X and α‖∇2f (x̄)‖ < 1
Since x̄ is a local minimizer of f (x) in X,there exists a positive scalar ε1 such that

f ¯(x) ≤ f (y) for y ∈ X with ‖y − x̄‖ ≤ ε1. (15)

By the continuity of ∇2f (x) and α‖∇2f (x̄)‖ < 1, there is a positive constant ε2 such
that

α‖∇2f (x)‖ < 1 for ‖x − x̄‖ ≤ ε2.

Since x̄ is also a solution of (2), by Lemma 2, Hα(x̄) = x̄. By continuity of the pro-
jection mapping �X(·), for ε = min{ε1, ε2}, there exists a positive scalar δ such that
‖Hα(x) − x̄‖ = ‖Hα(x) − Hα(x̄)‖ ≤ ε if ‖(x) − x̄‖ ≤ δ.

Let x ∈ R
n be such that ‖x − x̄‖ ≤ min{ε, δ}. Then ‖Hα(x) − x̄‖ ≤ ε. Choose θ

between 0 and 1 such that (13) holds. Since ‖xθ − x̄‖ ≤ ε, we have α‖∇f (xθ )‖ < 1.
Thus, it follows from (14) and (15) that

Pα(x) ≥ f (Hα(x)) ≥ f (x̄) = Pα(x̄) for x ∈ R
n with ‖x − x̄‖ ≤ min{ε, δ}, (16)

where the last equality follows from Theorem 6. Thus, x̄ is a local minimizer of Pα(x)

in R
n.
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Next assume that x̄ is a global minimizer of f (x) in X and α‖∇2f (x)‖ ≤ 1 for x ∈ R
n.

Then it follows from (14) and (7) that

Pα(x) ≥ f (Hα(x)) ≥ f (x̄) ≥ Pα(x̄) for x ∈ R
n,

which implies that x̄ is also a global minimizer of Pα(x). ��

Note that the penalty parameter α can be explicitly determined by using the
2-norm of the Hessian of f (x). However, when ‖∇2f (x)‖ is unbounded on R

n, we do
not know whether or not Pα(x) has any global minimizer in R

n. The significance of
(1) of Theorem 10 in nonlinear programming is that it ensures the existence of a local
minimizer of Pα(x) in R

n when f (x) has a local minimizer in X and α is sufficiently
small. Heuristically, it means that by choosing a sufficiently small α, we can obtain a
local minimizer of f (x) in X by finding a local minimizer of Pα(x) in R

n.
Combining Theorems 7 and 10, we obtain the following equivalence of the original

constrained minimization problem (1) and the unconstrained minimization of Pα(x)

on R
n, which is the main conclusion in this section.

Theorem 11 For any x̄ ∈ R
n, the following statements hold.

(1) Suppose α‖∇2f (x̄)‖ < 1. Then x̄ is a local minimizer of f (x) in X if and only if x̄
is a local minimizer of Pα(x) in R

n.
(2) Suppose α‖∇2f (x)‖ < 1 for all x ∈ R

n. Then x̄ is a global minimizer of f (x) in X
if and only if x̄ is a global minimizer of Pα(x) in R

n.

Proof If α‖∇2f (x̄)‖ < 1, then (I − α∇2f (x̄)) is nonsingular. Hence, (1) follows from
Theorem 7 and (1) of Theorem 10, If α‖∇2f (x)‖ < 1 for x ∈ R, then (I − α∇2f (x)) is
nonsingular for x ∈ R. Thus, (2) follows from Theorem 7 and (2) of Theorem 10. ��

One important application of Theorem 11 is when f (x) is quadratic, as shown in
the following corollary that improves the main result in [11].

Corollary 12 Suppose that f (x) = 1
2 xTQx + qTx is a quadratic function with a sym-

metric matrix Q and α‖Q‖ < 1. Then x̄ is a local (or global) minimizer of f (x) in X if
and only if x̄ is a local (or global) minimizer of Pα(x) in R

n.

4 Explicit forms of the exact penalty function

By Corollary 12, it seems that we can always have an equivalent unconstrained refor-
mulation of a constrained quadratic (or linear) programming problem. The compu-
tation of Pα(x) = f (x) − Gα(x) and its gradient ∇Pα(x) involve Hα(x) and thus the
projection mapping �X(x − α∇f (x)). Therefore, even though we do not have diffi-
culty in choosing the penalty parameter α, it might be computationally inefficient to
calculate Pα(x) and ∇Pα(x) repeatedly. However, in cases that X is defined by some
simple constraints so that an explicit analytical expression of Hα(x) is available, then
we can get an explicit form of Pα(x). In this section, we give three explicit forms of
Pα(x) when X is defined by simple bound constraints, a spherical constraint, or an
ice-cream cone constraint,
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Proposition 13 Suppose that X = {x ∈ R
n : l ≤ x ≤ u}, Then Pα(x) is a continuously

differentiable function and

Pα(x) = f (x) + 1
2α

‖([x − α∇f (x)] − u)+‖2 + 1
2α

‖(l − [x − α∇f (x)]+‖2

−α

2
‖∇f (x)‖2 , (17)

where t+ = max{0, t}.
Proof By algebraic manipulations, we have

(y − x)T∇f (x) + 1
2α

‖x − y‖2 = 1
2α

‖[x − α∇f (x)] − y‖2 − α

2
‖∇f (x)‖2.

From the definition of Pα and the above identity, we get

Pα(x) = f (x) + min
l ≤ y ≤ u

{
1

2α
‖[x − α∇f (x)] − y‖2 − α

2
‖∇f (x)‖2

}
. (18)

On the other hand, it is easy to verify that the orthogonal projection from a vector z
to X = {x : l ≤ x ≤ u} is (z)u

l whose ith component is max{li, min{ui, zi}}. Let

[(z)u
l ]i = max{li, min{ui, zi}} for 1 ≤ i ≤ n.

Then

z − (z)u
l = (z − u)+ − (l − z)+

and

min
l ≤ y ≤ u

‖z − y‖2 = ‖z − (z)u
l ‖2 = ‖(z − u)+ − (l − z)+‖2. (19)

Since li ≤ ui for 1 ≤ i ≤ n, we obtain (z − u)T+(l − z)+ = 0. Hence (19) implies

min
l≤y≤u

‖z − y‖2 = ‖(z − u)+ − (l − z)+‖2 = ‖(z − u)+‖2 + ‖(l − z)+‖2. (20)

Applying (20) with z = x − α∇f (x) in (18), we obtain (17). ��

As a direct consequence of Corollary 12 and Proposition 13, we have the following
slight improvement of the main results given in [11].

Corollary 14 Suppose that X = {x ∈ R
n : l ≤ x ≤ u}, f (x) = 1

2 xTQx + qTx with a
symmetric matrix Q, and α‖Q‖ < 1. Then a vector x̄ is a local (or global) minimizer of
f (x) in X if and only if x̄ is a local (or global) minimizer of the following differentiable
piecewise quadratic minimization problem:

min
x∈Rn

f (x) + 1
2α

‖([x − α∇f (x)] − u)+‖2 + 1
2α

‖(l − [x − α∇f (x)])+‖2 − α

2
‖∇f (x)‖2.

We point out that the above corollary was proved in [11] under the assumption
that 0 < 2α‖Q‖ < 1 with a very complicated analysis.

A generalization of the above corollary gives a continuously differentiable exact
penalty function for nonlinear programming problems with simple bound constraints.
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Corollary 15 Suppose that X = {x ∈ R
n : l ≤ x ≤ u}, and α‖∇2f (x)‖ < 1 for x ∈ R

n.
Then a vector x̄ is a local (or global) minimizer of f (x) in X if and only if x̄ is a
local (or global) minimizer of the following continuously differentiable unconstrained
minimization problem:

min
x∈Rn

f (x) + 1
2α

‖([x − α∇f (x)] − u)+‖2 + 1
2α

‖(l − [x − α∇f (x)])+‖2 − α

2
‖∇f (x)‖2.

Proof Corollary 15 follows from Theorem 11 and Proposition 13. ��

Next we show that Pα(x) has an explicit form if X is defined by a spherical con-
straint.

Proposition 16 Suppose that ρ > 0 and X = {x ∈ R
n : ‖x‖ ≤ ρ}. Let p(x) =

min
{

1, ρ
‖x−α∇f (x)‖

}
. Then

Pα(x) = f (x) + (p(x)[x − α∇f (x)] − x)T∇f (x)

+ 1
2α

‖x − p(x)[x − α∇f (x)]‖2, (21)

∇Pα(x) = 1
α

(I − α∇2f (x))(p(x)[x − α∇f (x)] − x). (22)

Moreover, when f (x) = 1
2 xTQx + qTx with a symmetric matrix Q and α‖Q‖ < 1, a

vector x̄ is a local (or global) minimizer of f (x) in X if and only if x̄ is a local (or global)
minimizer of Pα(x).

Proof It is easy to verify that

Hα(x) = �X(x − α∇f (x)) = p(x)(x − ∇f (x)).

Thus, we obtain (21) and (22) from (5) and Lemma 1, respectively. The second part
of Proposition 16 follows from Corollary 12. �

Finally we give an explicit form of Pα(x) when X is an ice-cream cone, The follow-
ing proposition can be proved by calculating �X̂(y) and using Corollary 12, We leave
the details to interested readers.

Proposition 17 Suppose X is an ice-cream defined by X = {x ∈ R
n : xn ≥ γ (x)}, where

γ (x) =
√√√√n−1∑

i=1

x2
i .

Then

Pα(x) = f (x) + (ϕ(x − α∇f (x)) − x)T∇f (x) + 1
2α

‖x − ϕ(x − α∇f (x))‖2, (23)

∇Pα(x) = 1
α

(I − α∇f (x))(ϕ(x − α∇f (x)) − x), (24)

where

ϕ(x) :=

⎧⎪⎨
⎪⎩

0, if xn ≤ −γ (x),
x, if xn ≥ γ (x),(

γ (x)+xn
2γ (x)

)
(x1, x2, . . . , xn−1, γ (x))T , if − γ (x) < xn < γ (x).
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Moreover, when f (x) = 1
2 xTQx + qTx with a symmetric matrix Q and α‖Q‖ < 1, a

vector x̄ is a local (or global) minimizer of f (x) in X if and only if x̄ is a local (or global)
minimizer of Pα(x).

5 Conclusion

By using Fukushima’s regularized gap function Gα(x), we obtain an exact penalty
function Pα(x) = f (x) − Gα(x) for the constrained minimization problem (1). For a
twice continuously differentiable function f (x), Pα(x) is a differentiable function on
R

n. In general, under the assumption that all α‖∇2f (x)‖ < 1 for all x in R
n (which

implies the uniform boundedness of the Hessian of f (x) on R
n), we have proved that

local (or global) minimizers of f (x) in X are local (or global) minimizers of Pα(x)

in R
n. This shows that Pα(x) is a continuously differentiable strongly exact penalty

function on R
n [3, Definition 3] for the constrained minimization problem (1).

For the special cases where X is defined by simple bound constraints or a spherical
constraint, we give the explicit forms of Pα(x). In particular, when f (x) is quadratic, it
is very easy to choose α. However, in general the computation of Pα and choice of α

are the most difficult issues when using Pα(x) as an exact penalty function since the
computation of Pα(x) involves the projection to the feasible set X and it is hard to
find a suitable α when the Hessian of f (x) is unbounded on R

n. How to resolve these
issues in applications is still a challenging problem.
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